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ABSTRACT
In this paper we have discussed formal integral transform which is generalization of Weber-Orr
transforms and its inverse by making use of generalized Erdelyi-Kober operators.
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1. INTRODUCTION
We have established generalization of Weber-Orr transform and its inverse transform due to Nasim
[5] by making use of generalized Erdelyi-Kober operators defined earlier by Lowndes [4]. Now, we

introduce generalization of Weber-Orr transform Wk [ ;] of arbitrary order (,u, U) and its inverse

y78%)

W:U [ ; ] by the following expressions

ft)=w, [ I R, (t;s, a) s f(s)ds (L1
and
4 = RY (t;s,a) .
=W!, [f(t); a]= Y t f(t)dt ..(1.2)
i ] J:(ta)+Y, (ta)
where,

R t5.5)- [J,,as)vu(ta)—au<ta>vﬁ<ts>]oa{u—u; Ko=),

1

J:o x2 f(x)dx

We deal with generalized Weber-Orr transform W:’V[;] for the parameter £. Many known

Also, f is continuous on (a, oo) and < o0,

results have been given as particular cases. The results obtained are mostly used in Mathematical Physics in
general.

2, THE TRANSFORM W* _ [;], @ >0

v—a,L

1 3
Lemma 2.1. If 0<a<§u+z,then

R, (s a)= a“‘“t“kl‘“L X(x? —t2)2 .R* (t x, a) \]m_{k(x2 —tZ)Z}dx .2.1)
where

R 5,800, 05, )2, s o |

By making use of standard result Erdely et.al. [1, p. 25, 104] the result can be obtained.

1 3 (o | e
Lemma2.2.|f0<a<—u+—,.[ X" 2 f(x)|dx < oo
2 4 Ja
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a-1

and F(x)=x*"k"™ J: st (x2 —s?) 2 | Ja_l[k(x2 —sz)z} f(s)ds ..2)

then,

1 -a EJra
Jm X?aF(X)dX: 2 B(£u+£—a, a)'f s?
a F(a) 2 4 0
22 2
.OFl{a; K X4_S }f(s)ds .(23)

where,

Proof: From (2.2), we have,

a-1

J:O x%_a F(x)dx = k™ J:O x%_udx J: ghv (xz - 32)7

: Ja_{k(x2 —sz);} f(s)ds

On changing the order of integration and evaluating integral, we obtain

_[ X2 “F dx— 2° B(£U+1—a, aj N SEM
F(a) 2 4 a

2(y2 o2
.OFl{a; KX s }f(s)ds
4
. i 1 3 . L

The result is valid for the extended range, O<a<§u+z by analytic continuation as a

1 1 1
a#—v+—and v>——.

2 4 2

I x2 F(x)dx

Where, K denotes a constant.

1
Corollary: s2 f (s) ds <o .24

<K
a

00

Theorem 2.1. If0<a<lu+§, v>—, I dx < o0
2 4 2

lia
x2 f(x)

and f(t)=wW',  [f(s);t], then x“F(x)=wW\? [t*‘“ : ]

v—a,L v—a,v

where

X “F(x)=k"*x™

D Sy <
w
[N
¥
<
]
ron
x
S}
[
(%2}
N
~—~—
|

Proof: From (1.1), we have,

265 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com




International Journal of Engineering, Science and Mathematics
Vol. 6 Issue 5, September 2017,
ISSN: 2320-0294 Impact Factor: 6.765

Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed &
Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A

f RY . (t; s, a)sf(s)ds

Here, the integral exists and is absolutely convergent due to the condition stated with the theorem,
on making use of Lemma (2.1), we have,

© afl

f(t)=tok* Is““"‘f dsJ‘x B

QO

R¥ (t; x, @) Ja_l[k(x2 —s? )2} dx
By changing the order of integration, valid due to absolute convergence, and using (2.2), we have,

t f(t Ix“’Rk t; x, a) F(x)dx

W), [x“F(x); ]
On applying inversion formula (1.2), valld because of (2.4), we obtain the required result
X“F(x)=W), [t‘“ f(t); x
Before going to next Lemma, we shall first define generalized Erdelyi-Kober operators due
to Lowndes [4] as

a-1

A7, @) (u)=2x PPk | u2(x2 —u?)z.

.Ja_l[k(xz—uz);} f(u)du, @ >0 (2.5
and
“A(7, @) F(u)=x 22D [Em A (p avm) F(U)] .26)
for <0, 0<a+m<1 D, ——%% and m=1, 2,.
If A l(77, 0) is the identity operator then the inverse operator is defined as
:/{1( @)= Alr+a, -a) (2.7)
Lemma 2.3. If F(x)=k"“ x _[ S x —SZ)QT_1 Ja_l[k(x2 —sz);}
a . f(s)ds
then,

f (X) _ 21+a ) Xaiu*l D)r(n {Xj{‘ uu,aﬂ (X2 —u 2 )m—a—l

r(m-a
oFl(m—a; kz(%wz)} F(u)du}

where « >0, 0<m-a <1l m=1 2 ..
Proof: Making use of (2.5), we have

F(x){x—;]a ;AK[”

ajf(u), 250
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From (2.6), (2.7), we have,

[N E

aAK(U+a. —aj HU—ZZTF(U)} .(2.8)

If weset a=m, m=1, 2, ... as a particular case and ;A((n, O) using the identify operator, from (2.8)

we obtain,
f(x)=x"" (Eijk [x“’m F(x)]

X dx
Lemma 2.4.

XU (x)= (ldijm [x"mF(x)] ..(2.9)

X OX
where f and F are defined in Lemma (2.3).

Lemma 2.5. Making use of the representation of function R: ) [; ] we obtain

(xdx} [X"R¥, (t; x, a)|]=t"™x""R¥_ (t; x, &)

This follows directly from the differentiation properties of the Bessel functions J, and Y, [7,
Chap. 3].

o0

Theorem22|f0<m<1u+§ m=1, 2,. u>—£j
2 4 2

Q)W [£(6); a

then
£(s)=W, 0, [F(1): ]
Proof: By theorem (2.1), we have,
X "E(X)=WE [ (t); x] ...(2.10)

m+—

X dX<oo and

where

m-1

F(x)=k"x™ [ st (x2+5%) 2 Jm_l[k(x2 —32)2} f(s)ds
Using the definition of operator WV"; [; ] we obtain
= R* (t; x a)
—-m F — L,
)= Z(ta)+ Y2 (ta)

0

D Sy X

" f (t)dt
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: 1d)\" : : :
Now, applying the operator (— ij X" to both the sides of previous equation, we have
X

dx
1d Y[ 1d\" % R (txa)
i) BRG] 0] e
A" f(t)dt ..(2.11)

Making use of Lemma (2.5) after bringing the differential operator inside the integral sign on the
right hand side of above equation and applying (2.9) on left hand side, we obtain

= R (t;x a

f (X) _ J' v—m,v ( )

2 J2(ta)+ Y/ (ta)

Bringing of differential operator inside the integral is valid because ‘ Rf_m (t; X, a)‘ is bounded and

tf (t)dt ..(2.12)

the resulting integral (2.12) is uniformly convergent for all X > a. Thus, the required result is

F(x) =W, [ (t): x]
SPECIAL CASES
0] If we set m=0 then we obtain results discussed by Nasim [5], Weber and Orr [2, p.
74].
(i) Setting k=0, g=v—m, m=1,2 gives rise to Weber-Orr transform introduced by
Krajeswsk and Obesiak [3].
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